INTRODUCTION
The problem of computing the topological degree of a. function hag been studied in many recent papers, see [3, 4, 6, [8] [9] [10] [11] . From the topological degree one may ascertain whether there exists a zero of a function inside a domain. Namely, Kronecker's theorem, see (5), states that if the degree is not zero, then there exists at least one zero of a function inside the domain. By computing a sequence of domains with nonzero degrees and decreasing diameters one can obtain a region with arbitrarily small diameter which contains at least one zero of the function, see [3] . Algorithms proposed in these pa.pers were tested by their authors on relatively easy examples. They concluded that the degree of a.rbitrary continuous function could be computed. It was observed, however, see [3, 4, 11) , that the algorithms may require an arbitrarily large number of function evaluations.
In this paper we restrict the class of functions to be able to compute the degree for every element in the restricted class using an a priori bounded number of evaluations.
We consider the class F of Lipschitz functions, with constant K, defined on the unit square C c m. 2 , f : C -m.
x E ac, the boundary of C, and also such that K/4d 2: 1 In Sect. 1 we present basic definitioIlB and give the formulation of the problem. In Sect. 2 we exhibit an algorithm rp~ using information N".. which a.llows us to compute the degree of any f E F, using m~ = 4·l K / 4d J function evaluations. We then show, in Sect. 3, that m~ is a lower bound on the number of function evaluations necessary to compute the degree for every f E F uaing arbitrary information. In Sect. 4, we prove that the algorithm rp~ computes the degree for any f E F. We conclude, in Sect. 5, with a calculation of the cost of 'Po and show that rp~ is an almost optimal complexity algorithm.
We remark that information Nmo is parallt.l (nonadaptive), i. e. the evaluation points are given a priori. Thus it can be easily implemented on a parallel computer yielding an almost optimal speed-up, see [14] for further discussion.
The reader interested in actual implementation details should consult [2] , where an extension of the algorithm rp" is detailed, and tested. The extensions presented therein include the ability to calculate the degree for arbitrary polygonal regions in 2 dimensions, and for the unit cube in N dimensions. We remark that while the complexity bounds in N dimensiorul are not as tight, !2] presents lower and upper bounds on the complexity of the computation of topological degree for Lipschitz functions in J.V dimensions.
1. Basic Definitions. Let f E F and define
where Xl E Be is given a priori, Where I is the set of all integers.
By minimal cardinality number m· we mean the minimal integer m for which there exists information Nm. which uniquely determines the degree of every f in F, i.e., Stenger showed, see [81, with use of with use of equation (1.4) equation ( Let M = lK/(4d)J, and define
forj=I,2, ... ,M for j ;;:: M + 1, ... , 2M
with the notation Xj±4U = Xi Vj. Thus the Xi subdivides ac into 4M segments 
For given points c, E R'J define the functions 9, : IR. ' J -IR, i = 1,2, by 
where ~ and e depend on j as shown in Fig. 3 .1 for the case with 0 < j < M).
Also note that r(w) = ["", '7w from ac such that w r;.
However, by the choice of ~ and E, /"' has exactly one zero in C, see Fig. 3 .1, with the Jacobian of at that zero=±K 2 , which implies that degU"", C, 8 2 ) = ±l. This completes the proof of Lemma 3.1.
• zero setofll1-" Value for e In Sect. 2 of this paper we outlined the idea. of an algorithm using N'I to compute the degree. Here ( in Lemma. 4.2) we exhibit the details of the algorithm and prove that it calculates the degree of a.ny f E F. • Proof:
For every function f in F we build a partition P = {Pi };= 1 of ac, (where
is the number of points in the partition, and Q depends on !) using only x, and f(x,),i = 1, ... ,q, such that P fotIIl8 a. sufficient refinement of ae with respect to the sign of f. • ~ote that because we do not always add the same number of points to the partition, it is not possible to know in advance, how many points will be in the partition. We let Q be the size of the partition, i.e., P = U~=I{P;}' In the above definition of the 4) and (4.11). If fl has a zero in [x" x .... 11 then for some j, L = f3,.L and R = f3,.R' Thus (4.7) yields the formula for I,. As in (4.16) it follows that I'J is of cOIlBtant sign within MI2 < 2dj K from a zero of fl, which combined with (4.1), (4.2) and Ilx; -x;+,11 = M yields the formula for I,. As before we show that the signf, (x p )= signf, (a l ) for some zero 0:1 of 11' Suppose the contrary. and also assume that p = t. Then there would exist a zero of I" 0: 2 In this section we examine the complexity, i.e. minimal coat, of the problem of the calculation of topological degree for functions from our claaa. We then give the complexity of our algorithm, ip-I and conclude that it is an al:mo.t optimal complexity algorithm.
We assume that each arithmetic operation (+, -, *. +, ab.a:OL each logical operation Test function 4: F. = (('in(L5 x". x x) + .00),-C08(" x V)). Thi. function has 1 zero within the unit square, the minimum value of its infinity norm on the boundary is .01, and it is Lipschitz with constant 1.5 x ,.. < 5.0. Table 6 .1
